The purpose of this paper is to extend the iteration scheme of multivalued nonexpansive mappings from a Banach space to a hyperbolic space by proving -convergence theorems for two multivalued nonexpansive mappings in terms of mixed type iteration processes to approximate a common fixed point of two multivalued nonexpansive mappings in hyperbolic spaces. The results presented in this paper are new and can be regarded as an extension of corresponding results from Banach spaces to hyperbolic spaces in the literature. MSC: 47H10; 54H25
Introduction and preliminaries
The study of fixed points for multivalued contractions and nonexpansive mappings using the Hausdorff metric was initiated by Markin [] (see also [] ). Later, various iterative processes have been used to approximate the fixed points of multivalued nonexpansive mappings in Banach space, for example, the authors of [-] and [, ] have made extensive research in this direction, which has led to many new results in the study of fixed point theory with applications in control theory, convex optimization, differential inclusion, economics, and related topics (see [] and references cited therein for details). This is so because of the fact that in general almost all problems in various disciplines of science are nonlinear in nature, and most results of fixed point theory are proposed under the framework of normed linear spaces or Banach spaces as the property of nonlinear mappings may depend on the linear structure of the underlying spaces. Thus it is necessary to study fixed point theory for nonlinear mappings under the space which does not have a linear structure but is embedded with a kind of 'convex structures' . The class of hyperbolic spaces, being nonlinear in nature, is a general abstract theoretic setting with rich geometrical structures for metric fixed point theory. Thus the study of fixed point theory for hyperbolic spaces has been largely motivated and dominated by questions from nonlinear problems in practice, such as problems of geometric group theory, and others. However, so far, we have seen not many results for the approximation iteration of multivalued nonexpansive mappings in terms of Hausdorff metrics for fixed points in the existing literature. The purpose of this paper is to extend the iteration scheme of multivalued nonexpansive mappings from a Banach space to a hyperbolic space by proving -convergence ©2014 Lei et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.fixedpointtheoryandapplications.com/content/2014/1/140 theorems for two multivalued nonexpansive mappings in terms of mixed type iteration processes to approximate a common fixed point of two multivalued nonexpansive mappings in hyperbolic spaces. The results presented in this paper are new and can be regarded as an extension of corresponding results from Banach spaces to hyperbolic spaces in the existing literature given by the authors of [-, -, , , -].
In order to define the concept of multivalued nonexpansive mapping in the general setup of Banach spaces, we first collect some basic concepts.
Let E be a real Banach space. A subset K is called proximinal if for each x ∈ E, there exists an element k ∈ K such that
It is well known that weakly compact convex subsets of a Banach space and closed convex subsets of a uniformly convex Banach space are proximinal. We shall denote the family of nonempty bounded proximinal subsets of K by P(K). By following the notation used by Markin in [], let CB(K) be the class of all nonempty bounded and closed subsets of K . Let H be a Hausdorff metric induced by the metric d of E, that is,
Throughout this paper, we work in the setting of hyperbolic spaces introduced by Kohlenbach [] , defined below, which is more restrictive than the hyperbolic type introduced in [] and more general than the concept of hyperbolic space in [] .
We also recall that a hyperbolic space is a metric space (X, d) together with a mapping A hyperbolic space is uniformly convex [] if for any r >  and ∈ (, ] there exists a δ ∈ (, ] such that for all u, x, y ∈ X, we have
] which provides such a δ = η(r, ) for given r >  and ∈ (, ] is known as a modulus of uniform convexity of X. We call η monotone if it decreases with r (for a fixed ), i.e., ∀ > , ∀r  ≥ r  >  (η(r  , ) ≤ η(r  , )).
In the sequel, let (X, d) be a metric space and let K be a nonempty subset of X. We shall denote the fixed point set of a mapping T by F(T) = {x ∈ K : Tx = x}.
We also recall that a single-valued mapping T : K → K is said to be nonexpansive, if
In order to establish our new results for thee iteration scheme of multivalued nonexpansive mappings under the framework of hyperbolic spaces, we first recall some facts from the existing literature. Recall that a sequence {x n } in X is said to -converge to x ∈ X if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }. In this case, we write -lim n→∞ x n = x and call x the -limit of {x n }.
Lemma . []
Let {a n }, {b n }, and {δ n } be sequences of nonnegative real numbers satisfying
∞ n= b n < ∞, then the limit lim n→∞ a n exists. If there exists a subsequence {a n i } ⊂ {a n } such that a n i → , then lim n→∞ a n = .
Lemma . []
Let (X, d, W ) be a uniformly convex hyperbolic space with monotone modulus of uniform convexity η. Let x ∈ X and {α n } be a sequence in [a, b] for some a, b ∈ (, ). If {x n } and {y n } are sequences in X such that 
Main results
Now we have the following key result in this paper.
Theorem . Let K be a nonempty closed convex subset of a complete uniformly convex hyperbolic space X with monotone modulus of uniform convexity η.
 be a multivalued mapping and T T i be a nonexpansive mapping, let S i : K → P(K), i = ,  be a multivalued mapping and S S i be a nonexpansive mapping. Assume that
and for arbitrarily chosen x  ∈ K , {x n } is defined as follows:
n }, and {β n } satisfy the following conditions:
Proof The proof of Theorem . is divided into three steps:
Step . First we prove that lim n→∞ d(x n , p) exists for each p ∈ F . For any given p ∈ F , since T T i , S S i , i = , , is a multivalued nonexpansive mapping, by condition () and (.), we have
Substituting (.) into (.) and simplifying it, we have
Step . We show that
For each p ∈ F , from the proof of Step , we know that lim n→∞ d(x n , p) exists. We may assume that lim n→∞ d(x n , p) = c ≥ . If c = , then the conclusion is trivial. Next, we deal with the case c > . From (.), we have
Taking lim sup on both sides in (.), we have
In addition, since
It follows from (.)-(.) and Lemma . that
By the same method, we can also prove that
By virtue of the condition (), it follows from (.) and (.) that
From (.) and (.) we have
It follows from (.) and (.) that
This together with (.) implies that
On the other hand, from (.) and (.), we have
Hence from (.) and (.), we have
from (.) and (.), we get
Finally, for all i = , , we have
(y n , S S i x n ) + d(S S i x n , T T i y n ), it follows from (.), (.), (.), (.), and (.) that
it follows from (.), (.), and (.) that
Step . Now we prove that the sequence {x n } -converges to a common fixed point of
In fact, since for each p ∈ F, lim n→∞ d(x n , p) exist. This implies that the sequence {d(x n , p)} is bounded, and so is the sequence {x n }. Hence by virtue of Lemma ., {x n } has a unique asymptotic center A k ({x n }) = {x n }.
Let {u n } be any subsequence of {x n } with A K ({u n }) = {u}. It follows from (.) that
Now, we show that u ∈ F(T T i ). For this, we define a sequence {z n } in K by z j = T j T i u. So we calculate
(  .   ) http://www.fixedpointtheoryandapplications.com/content/2014/1/140
Since T T i is a nonexpansive mapping, by d(T
Taking lim sup on the sides of the above estimate and using (.), we have
And so lim sup j→∞ r z j , {u n } ≤ r u, {u n } .
Since A K ({u n }) = {u}, by the definition of asymptotic center A K ({u n }) of a bounded sequence {u n } with respect to K ⊂ X, we have r u, {u n } ≤ r y, {u n } , ∀y ∈ K. 
This implies that

It follows from Lemma . that lim j→∞ T T i u = u. As T T i is uniformly continuous, T T
Similarly, we also can show that u ∈ F(S S i ). Hence, u is the common fixed point of T T i and S S i . Reasoning as above, by utilizing the uniqueness of asymptotic centers, we get x = u. Since {u n } is an arbitrary subsequence of {x n }, we have A{u n } = {u} for all subsequences {u n } of {x n }. This proves that {x n } -converges to a common fixed point of F := 
i= F(T T i ) ∩ F(S S i ). This completes the proof.
The following theorem can be obtained from Theorem . immediately. 
is the identity mapping, {τ n }, {α n }, and {β n } satisfy the following conditions: 
{τ n }, {α n }, and {β n } satisfy the following conditions: 
n }, {α n }, and {β n } satisfy the following conditions: 
where v n ∈ S S  x n , u n ∈ S S  y n , d(v n , u n ) ≤ H(S S  x n , S S  y n ) + τ n , {τ n }, {α n }, and {β n } satisfy the following conditions: () lim n→∞ τ n = , We would like to mention that our key result Theorem . could be regarded as either an extension or an improvement of the corresponding results in the existing literature given by the authors of [-, -, , , , , , ].
We also like to bring to the readers' attention that by using the Baire approach due to the classical paper of de Blasi and Myjak [], Reich and Zaslavski recently [] gave a comprehensive study for the so-called genericity in nonlinear analysis, in particular for the study of genericity for the topics in the approximation of fixed points, existence of fixed points, and the convergence and stability of iterates of nonexpansive set-valued mappings in the sense of Baire category, which are different from the ones we have established in this paper.
